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Introduction
In the last twenty years, Direct Numerical Simulations (DNS) have modified the way turbulent flows are studied. By providing new tools to investigate the instantaneous three-dimensional structure of turbulent flows, DNS has allowed significant advances both in the understanding and the modeling of turbulence. However, DNS are restricted to low Reynolds numbers so that Large Eddy Simulations (LES) are preferred in practical applications. In the LES approach, scales smaller than the grid size are not resolved but accounted for through the subgrid scale tensor T ij given by
where the overbar denotes an appropriately chosen low-pass filter and incompressibility is assumed. Most subgrid scale models are based on an eddy-viscosity assumption to model the subgrid scale tensor:
where
is the deformation tensor of the resolved field. In Smagorinsky's model, the eddy-viscosity is assumed to be proportional to the subgrid characteristic length scale ∆ and to a characteristic turbulent velocity taken as the local strain rate S :
Following Lilly [1] , the constant C s may be obtained by assuming that the cut-off wave number k c = π/∆ lies within a k −5/3 Kolmogorov cascade for the energy spectrum E(k) = C K ǫ 2/3 k −5/3
and requiring that the ensemble-averaged subgrid dissipation is identical to ǫ. An approximate value for the constant is then:
For a Kolmogorov constant of C K ≃ 1.4, this yields C s ≃ 0.18.
Note that the choice of the local strain rate to define the velocity scale at the cut-off is quite arbitrary. If one considers that the velocity gradient tensor is a good candidate to describe the turbulent fluctuations, other invariants based on this tensor could be used for defining the velocity scale needed for the eddy-viscosity ν t . The aim of this latter quantity is to mimic the energy transfer from the resolved scales to the subgrid ones through the subgrid dissipation (which is proportional to ν t ). Thus by defining the eddy-viscosity from the local strain rate, one relates the subgrid dissipation to the strain rate of the smallest resolved scales of motion. This choice is not in agreement with the results from Wray and Hunt [2] on the kinematic and dynamic properties of the turbulent structures. From direct numerical simulations of isotropic turbulence, these authors have shown that energy is concentrated in the streams and energy dissipation in eddies and convergence zones. Clearly the classical Smagorinsky formulation does not account for the contribution of the former which are regions where vorticity dominates irrotational strain.
On the other hand the dominant deformation in convergence zones is irrotational strain so that 3 the strain rate could be a good measure of their dissipative activity. Thus a better subgrid scale model should be based on both S and the rotational rate. This requirement is met by the structure function model [3] which reads:
where F 2 is the second order velocity structure function of the filtered field:
, and β is a constant which can be fixed from energetic considerations. Very good results have been obtained with this model for isotropic homogeneous turbulence [4] . Other formulations have been proposed to assess the subgrid scale stress, based on the local strain and rotation rate tensors and products of them [5] .
A second difficulty in LES is the behaviour of the eddy-viscosity near a wall. By construction, the Smagorinsky model gives a non-zero value of ν t as soon as a velocity gradient exists. Near a wall, however, all turbulent fluctuations are damped so that ν t should be zero. To this end, the Van Driest [6] exponential damping function 1 − exp (−y + /A + ) with A + = 25, was used widely in early LES studies. This standard modification improves the results dramatically and is very easy to implement for simple geometries. However, it is an ad hoc modification based on the distance to the wall. This is difficult to implement in the general case for complex geometries.
It also requires the use of a smaller value for the Smagorinsky constant (C s = 0.1) in order to sustain turbulence in a channel flow [7] . Note also that depending on the damping function used it may not produce the proper near-wall scaling for the eddy-viscosity. The above-mentioned 4
Van Driest damping produces ν t = O(y 2 ) instead of O(y 3 ). Neither is the classical structure function model well-suited for wall bounded flows. Indeed, the F 2 function is of order O(1) near a wall when computed as a local statistical average of square velocity differences between the current position and the six closest surrounding points on the (structured) computational grid.
A possible remedy for this is to compute F 2 by using only the four closest points parallel to a given plane. If the plane is parallel to the wall, F 2 is of order O(y) and better results are obtained in a boundary layer [8, 9] . Another way to produce zero eddy-viscosity at the wall is to modify the constant of the model (C s for the Smagorinsky model) in such a way as to enforce C s ≃ 0 when turbulence activity is reduced. This is done dynamically by the procedure proposed by Germano et al. [10] , in which the variable C = C 2 s appears in five independent equations.
Most of the time, this undeterminacy is dealt with by choosing the value of C (as a function of space and time) that best satisfies the over-determinated system stemming from the Germano identity [1] . However, this procedure often leads to a significant fraction of negative values for C, and thus may generate numerical instabilities. A common remedy involves averaging C over space but this procedure is restricted to simple geometries since the existence of direction of flow homogeneity is required (as in a channel flow).
A third difficulty in modern LES is the necessity to handle complex geometries without direction of flow homogeneity and/or with unstructured numerical methods. The Smagorinsky model is quite well adapted to these configurations since only local gradients are involved in the computation of the eddy-viscosity. A Lagrangian version of its dynamic form has been proposed by Meneveau et al. [11] to allow the computation of complex configurations without direction of flow homogeneity. Very good results have been obtained with this formulation which requires the 5 resolution of two other transport equations [11] . The dynamic localization models (constrained or with a transport equation for the kinetic energy) proposed by Ghosal et al. [12] are in principle applicable to general inhomogeneous flows and do not require spatial averaging. Still, the dynamic procedure is based on the energy transfer between the resolved field and low-pass filtered field. Practically, the width of the filter is ∆ for the first field and γ∆ for the second (γ ≃ 2 is often used). In simple geometries, the filtering operations can be performed very precisely in
Fourier space but defining a test filter of width 2∆ in complex geometries may prove to be an issue [13] .
All the above discussed models may be written in the generic form:
where C m is the constant 1 of the model, ∆ is the subgrid characteristic length scale (in practice the size of the mesh) and OP is an operator of space and time, homogeneous to a frequency, and defined from the resolved fields. In this paper we propose to define a new operator OP with the four following major properties:
• it should be invariant to any coordinate translation or rotation,
• it can be easily assessed on any kind of computational grid,
• it is a function of both the strain and the rotation rates, in agreement with recent findings concerning the contribution of the turbulent structures to the global dissipation,
• it goes naturally to zero at the wall so that neither damping function nor dynamic procedure are needed to reproduce the effect of the no-slip condition.
1 which can be adapted in a dynamic way
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The resulting WALE (Wall-Adapting Local Eddy-viscosity) model is based on a tensor invariant and reproduces the proper scaling at the wall (ν t = O(y 3 )). It is also well-suited for LES in complex geometries with structured or unstructured methods because no explicit filtering is needed and only local information is required to build the eddy-viscosity. Finally, it is sensitive to both the strain and the rotation rate of the small turbulent structures. Although the dynamic procedure could also be applied to the WALE model, C m is considered here as a true constant, assessed from the canonic case of isotropic homogeneous turbulence. The model is defined in section 2 and used for the case of the pipe flow in section 3.
2 Eddy-viscosity models
The filtered Smagorinsky model [14, 15] will be used as a reference in section 3, together with the classical Smagorinsky formulation. It is briefly presented in the following subsection for clarity. More details about the filtered approach can be found in Ducros et al. [9] . The WALE model is then presented with some details.
Filtered Smagorinsky model
This is a Smagorinsky model defined on high-pass filtered velocity fields, following to previous works concerning the filtered structure function model [9, 4] :
where HP (S ij ) stands for the resolved strain rate defined on high-pass filtered velocity fields.
Here the high-pass filtered velocity fields are obtained using an estimation of the fourth-order derivatives of conserved variables [16] . As in Ducros et al. [9] , the transfer function of the high-pass filter is numerically evaluated, which gives:
where E HP (k) stands for the energy spectrum of the filtered field and a ≈ 0.35 and b ≈ 6.66
are two constants determined numerically. The constant C 2 is then determined using the same method as C s , ie by prescribing:
8 and assuming
which gives
The filtered Smagorinsky model was used to compute a turbulent pipe flow with a hybrid mesh [14, 15] and the results were shown to be consistent with both previous numerical and experimental studies [17] .
The WALE model

Choice of the Invariant
In LES, the eddy-viscosity ν t must not change when the frame of reference is changed, thus the operator OP must be based on the invariants of a tensor τ i,..,j which should be representative of the turbulent activity. Clearly, the velocity gradient tensor g ij = ∂u i /∂x j is a good candidate to represent the velocity fluctuations at the length scale ∆. The Smagorinsky model is based on the second invariant of the symmetric part S ij of this tensor. Recall that two major drawbacks are associated with this choice:
• this invariant is only related to the strain rate of the turbulent structure but not to their rotation rate,
• this invariant is of order O(1) near a wall.
Let us first consider the second point. If a flat plate is placed at y = 0, the resolved part of the velocity field can be expanded, in the limit y ≃ 0 and y > 0, as follows:
where u 1 , u 2 , v 2 , w 1 and w 2 are function of space (x, z) and time and v 1 is zero from the kinematic condition ∂u i /∂x i = 0 which holds for incompressible flows. This means that the first invariant of the velocity gradient tensor g is zero as well as the first invariant of its symmetric part (g ii = S ii ). Also, in case of homogeneous incompressible flow, the ensemble-averaged second invariant of g ij is identically zero (since g ii = 0 and g ij g ji =0, <> denoting the ensemble average). On the other hand, the second invariant of S is − 1 2 S ij S ij , strongly related to the spatial operator used in the Smagorinsky model OP = 2S ij S ij . In the limit y ≃ 0, it is obvious to show from relations 9 that this quantity remains finite (of order O (1)). The same kind of results may be obtained for the third invariant of g ij and S ij . Thus, all the operators one can build from these tensors lead to the non-physical behaviour ν t = O(1) at the wall.
A simple way to build a better operator is to consider the traceless symmetric part of the square of the velocity gradient tensor:
where g 2 ij = g ik g kj and δ ij is the Kronecker symbol.
Let us note Ω the anti-symmetric part of g:
The tensor defined by the relation 10 can be rewritten in terms of S and Ω. One obtains:
By construction, the trace of S d is zero and its second invariant remains finite and proportional to S d ij S d ij . By using relation 11 and making use of the Cayley-Hamilton theorem of linear algebra, this quantity can be developed as (assuming incompressibility):
with the notations:
From this last relation, a LES model based on S d ij S d ij will detect turbulence structures with either (large) strain rate, rotation rate or both. In the case of pure shear (e.g. g ij = 0 except
This point is in agreement with the fact that the shear zones contribute to energy dissipation to a smaller extent than convergence zones and eddies [2] . Moreover this means that almost no eddy-viscosity would be produced in the case of a wall-bounded laminar flow (Poiseuille flow).
Thus the amount of turbulent diffusion would be negligible in such a case and the development of linearly unstable waves would be possible. This is a great advantage over the Smagorinsky model which is unable to reproduce the laminar to turbulent transition of such flow because the invariant S ij S ij is large in the case of pure shear. It is shown in section 3 that the WALE model based on the S d ij S d ij invariant can handle the transitional pipe flow.
Wall Behaviour and Scaling
In
. Since g has the dimension of frequency, OP 1 has the dimension of frequency to the power 6 and must be scaled before being used in the subgrid scale model formulation 3. Of course, the scaling must be of O(1) near a wall in order to keep the y 3 behaviour of the whole operator. The first possible scale could be (S ij S ij ) 5/2 because it has the dimension of frequency to the power 5 and it is O(1) near a wall. However the ratio OP 1 /(S ij S ij ) 5/2 is not well conditioned numerically since the denominator can (locally) tend to zero while OP 1 remains finite. Actually this is the case inside the eddies because these turbulent structure are not properly detected by the Smagorinsky operator. A way to avoid such a situation is to scale
. The second term in OP 2 is negligible near a wall but it avoids numerical instabilities because OP 2 does not go to zero for pure shear or (ir)rotational strain. Finally, the Wall-Adapting Local Eddy-viscosity model we propose for the eddy-viscosity reads as:
where C w is a (true) constant. A simple way to determine this constant is to assume that the new model gives the same ensemble-average subgrid kinetic energy dissipation as the classical Smagorinsky model. Thus one obtains:
C w can be assessed numerically using several fields of homogeneous isotropic turbulence. The values obtained for six fields are given in table 1. The fields (a) and (b) (respectively (c) and 18] and the classical structure function model [4] at infinite molecular Reynolds number. From table 1, a value of C w in the range 0.55 ≤ C w ≤ 0.60 is appropriate for C s = 0.18. A more accurate estimation of C w is given in the following section.
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Both subgrid scale models presented in section 2 have been implemented in a computer code based on the COUPL (Cerfacs and Oxford University Parallel Library) software library that has been developed at CERFACS and Oxford University [19] . This library uses cell-vertex finite-volume techniques based on arbitrary unstructured and hybrid grids to solve the threedimensional compressible Navier-Stokes equations. In the present study, we make use of the Lax-Wendroff scheme to advance the conservative quantities. Since the pressure and velocity components are stored at the same nodes, the solution for pressure may not be physical due to even-odd decoupling. Thus a fourth-order artificial viscosity term is added to the density and pressure residuals to damp any node-to-node oscillations that may develop. Note that no dissipation is added explicitly to the residuals of the three velocity components. Consequently, the subgrid scale model effects are not corrupted by those of artificial dissipation. This approach has already been successfully used to perform both DNS and LES [20, 14, 15] and is used here to compute turbulent pipe flow. Before conducting such computation, a highly accurate spectral code was used to test the WALE model for the case of decaying isotropic homogeneous turbulence.
Isotropic Turbulence
We first validate the behaviour of the WALE model for the simple case of a freely decaying isotropic homogeneous turbulence. The experiment by Comte-Bellot & Corrsin [21] on decaying turbulence behind a grid is simulated. In this experiment, the spectra are measured at three downstream locations and the Taylor microscale Reynolds number is in the range 71.6-60.6. In a reference frame moving with the average flow velocity the problem can be thought of as freely decaying isotropic turbulence. We model this by considering the fluid to be inside a cubical box with periodic boundary conditions [12, 22] . A Galerkin method based on Fourier expansions is applied in all spatial directions. The nonlinear terms are evaluated in the physical space via a pseudo-spectral method; the 3/2-rule is used to eliminate the aliasing errors. The time approximation is achieved with an explicit (low-storage) Runge-Kutta scheme of third order.
For more details on the numerical implementation the reader is referred to Dubois et al. [23] .
First, a simulation without subgrid scale model is performed on a grid with 256 3 points in order to generate a turbulent field corresponding to the first measurement location in the experiment.
Then, the initial field for the LES is obtained by filtering this solution onto a grid with 32 3 points. This value of C w is in fairly good agreement with the rough estimation provided in the previous section. The model provides the right amount of dissipation so that the experimental spectra are reproduced. Note that the best value for C w (in terms of reproducing the experimental spectra) was found to be close to 0.45 for a grid with 48 3 points. This dependence on the grid size is not surprising. It is a feature which is shared by all the models with a constant fixed a priori and promotes the derivation of a dynamic version of the WALE model. In the following, the constant C w is set to 0.5. 
Turbulent Pipe Flow
The unstructured numerical tool described above has been used for the simulation of a turbulent term is added to the Navier-Stokes equations to simulate a pressure gradient corresponding to the fully turbulent state; this term comes from a empirical evaluation and reads:
with λ = 0.3164R b (Schlichting [24] ).
More details concerning this configuration can be found elsewhere [15] . In this reference, the same flow was computed using both the classical and the filtered version of the Smagorinsky model. In the present paper, the WALE formulation is used and the results are compared to those obtained by using the two previous models. Figure 3 shows the time evolution of the mean total kinetic energy and of the maximum of vorticity during the calculation. All quantities are scaled using U b and R. After a short period of energy decrease due to the fact that the white noise prescribed at t = 0 is not physical, instabilities develop slowly up to t ≃ 75 R/U b , then transition to turbulence occurs. For both the filtered and the WALE model a maximum of kinetic energy and ω max is reached for t ≃ 90 R/U b . After the transition both computations reach a statistically steady state but the turbulent activity and the total kinetic energy are larger with the WALE model. This point is related to the fact that the mean mass flow rate is better assessed with the WALE formulation (see below). As a test, the solution from the WALE model at t ≃ 85 R/U b has been used as an initial condition for a calculation performed with the Smagorinsky model and C s ≃ 0.18 [15] . The result is complete relaminarization of the flow confirming the poor behaviour of the classical formulation without constant adjustment.
During the transition to turbulence, the shape of the mean streamwise velocity profile changes On the other hand, the correct bulk velocity has been reached with the WALE formulation and the effective Reynolds number is close to its nominal value (10000). Note also from figure 7 that the three models lead to similar eddy-viscosity in the core region of the pipe, where the turbulence is nearly isotropic.
Different visualizations of instantaneous 3D fields have been also performed. Noticeably, the expected elongated turbulence structure can be observed in figure 8 which shows the near wall motion through two iso-surfaces of streamwise velocity. 
Conclusion
A new subgrid scale model based on the square of the velocity gradient tensor is proposed with the following advantages compared to the classical Smagorinsky formulation:
• the spatial operator consists of a mixing of both the local strain and rotation rates. Thus all the turbulence structures relevant for the kinetic energy dissipation are detected by the model,
• the eddy-viscosity goes naturally to zero in the vicinity of a wall so that neither (dynamic)
constant adjustment nor damping function are needed to compute wall bounded flows,
• the model produces zero eddy viscosity in case of a pure shear. Thus it is able to reproduce the laminar to turbulent transition process through the growth of linear unstable modes.
Moreover, the WALE model is invariant to any coordinate translation or rotation and only local information (no test-filtering operation, no knowledge of the closest points in the grid) are needed so that it is well-suited for LES in complex geometries. From the retained scaling for the spatial operator, the model is numerically well-conditioned: the eddy-viscosity can neither be negative nor infinite. Its efficiency has been demonstrated by computing a freely decaying isotropic turbulence as well as a turbulent pipe flow using a hybrid mesh. All the expected features were observed (natural transition to turbulence, near-wall scaling) and the obtained statistics compare well with the available data.
The WALE model appears to be promising but needs to be tested in more complex cases to assess its potential for different types of flow. Obviously, the pure shear case in which the eddy-viscosity is exactly zero may be seen as a high-Reynolds number limiting case for all the laminar/turbulent shear flows (boundary layers, shear layers, jets) and the model should still be 20 able to handle transition for such cases. In the case of a laminar flow with a more complex 3D velocity gradient, there is no evidence that the WALE model (or any other SGS model) will give a reasonable answer. The proper asymptotic behaviour of the eddy-viscosity has been clearly shown for the case of a solid wall. As yet, there is no evidence that the WALE model can produce good results in the case of a free surface or a transpiring wall. Also, the generalization of this model to compressible flows in non-trivial. However, the proposed approach is more practical than the dynamic Smagorinsky model since it does not require filtering at various scales. Its implementation in any existing code is straightforward and the overhead is only a few percents. 
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